Abstract. In this paper, we shall construct explicitly irreducible relative invariants of two 2-simple prehomogeneous vector spaces. Together with a preprint by the same authors, this completes the list of all relative invariants of regular 2-simple prehomogeneous vector spaces of type I.
Introduction
Let G be a connected reductive algebraic group defined over the complex number field C, V a finite dimensional vector space, and ρ : G −→ GL(V ) a rational representation of G. Such a triplet (G, ρ, V ) is called a prehomogeneous vector space (abbreviated P.V.) if V has an open G-orbit, and a triplet is called irreducible if ρ is an irreducible representation. Furthermore, such a triplet (G, ρ, V ) is called simple (resp. n-simple) if the derived subgroup [G, G] is a simple algebraic group (resp. the product of n-simple algebraic groups). A nonzero rational function F (x) is called a relative invariant corresponding to a character χ : G → GL 1 if it satisfies the relation F (ρ(g)x) = χ(g)F (x) as a rational function for all g ∈ G.
A complete list of irreducible prehomogeneous vector spaces is given by M. Sato and T. Kimura in [1] . At the same time, the relative invariants are constructed for almost all of these spaces. However, for some complicated prehomogeneous vector spaces, such as classification numbers (6), (7) , (10) , (20), (21) and (24) in [1] , the construction of relative invariants had not been settled. In 1971, an irreducible relative invariant of (20) was constructed in [6] and, in 1981, that of (6), (7) was constructed in [3] . In 1990, relative invariants for (10) , (21), (24) were constructed in [7] by some complicated calculations. In 1995, that of (10) and (21) was constructed in [8] by using the notion of the quotient space. For the case of nonirreducible prehomogeneous vector spaces, in 1983, T. Kimura studied the case of nonirreducible simple prehomogeneous vector spaces. In 1988, T. Kimura, S. Kasai, M. Inuzuka and O. Yasukura [9] completed the classifications of nonirreducible reduced 2-simple prehomogeneous vector spaces of type I. See [9] for the definition of type I and type II.
Recently, the relative invariants are constructed in [10] and [11] for almost all of these spaces of type I except for the following two cases:
(regular 8) (GL These cases are the most complicated and difficult cases in [9] . The purpose of this paper is to construct explicitly irreducible relative invariants of the above 2 cases and to complete the construction of irreducible relative invariants for all 2-simple prehomogeneous vector spaces of type I. In this paper, we have reduced this construction problem to determine some polynomials. Although we used the computer software Mathematica [12] to decide the explicit form of polynomials, once we obtain them, it is not necessary to use the computer to check them.
Notations and preliminaries
We denote by Alt n (resp. Sym n ) the totality of n × n alternating matrices (resp. n × n symmetric matrices). For X ∈ Alt 2n , let P f(X) be the Pfaffian of X so that we have P f(X) 2 = det X and P f(
. We denote Λ (resp. χ) the even half-spin representation (resp. the vector representation) of Spin 10 . Note that the dual representation Λ * of Λ is the odd half-spin representation of Spin 10 . For the infinitesimal representation of Λ , see (5.38) in [1] . For X ∈ M n (=the totality of n × n matrices), let ∆(X) be the cofactor matrix of X so that we have
When we prove the irreducibility of relative invariants, we often use the following facts. 
Moreover, we prove the following lemma to construct some G-equivariant mapping in the first example.
n) be the matrix obtained from X by subtracting i-th and j-th rows. For i < j,
=x ij e 1 ∧ · · · ∧ e n+2 .
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Then, by the action of A = (a ij ) ∈ GL n+2 , we havẽ
Hence, we have
Explicit construction of irreducible relative invariants
In this section, H denotes the generic isotropy subgroup of a P.V. (G, ρ, V ), and H 1 ∼ H 2 implies that H 1 and H 2 are locally isomorphic, namely their Lie algebras are isomorphic. N denotes the number of the basic irreducible relative invariants.
3.1.
Explicit construction of irreducible relative invariants of (GL
To investigate relative invariants, we may assume that G = GL 5 
We shall construct the irreducible relative invariants of this prehomogeneous vector space by the following steps.
Step
and hence we have
where ∆(X · Y ) is the cofactor matrix of the odd size alternating matrix the
Step 2. For
45 ) ∈ M (10, 1). The action (10, 8) and define the 10 × 10-alternating matrixZ = (z ij ) 1≤i<j≤10 with z ij = (−1) i+j det Z (i,j) , where Z (i,j) is the 8 × 8-matrix obtained from Z by substracting the i-th and the j-th rows. Then, by Lemma 2.3, we havẽ
Step 3. If we put Φ(Z) := (ϕ(Z) i,j ) 1≤i≤j≤5 ∈ Sym 5 forZ ∈ Alt 10 with the following entries, then we have Lemma 3.1. 
Proof. It is enough to prove the equivariance (3.3) in the case when A is one of the fundamental matrices
or permutation matrices. Checking (3.3) for diagonal or permutation matrices is easy. Note that det
Then we have
Remark A. By using the computer software Mathematica [12] , we calculate the above polynomials ϕ ij (1 ≤ i ≤ j ≤ 5) along the following program.
(i) First, we construct the polynomial ϕ 11 . For the action of the diagonal matrix diag(a 1 , a 2 , a 3 , a 4 , a 5 ), denote by T 1 the polynomial corresponding to the weight a 2 1 (det A) 10 : (iv) From the explicit form of ϕ 11 , we can construct the other ϕ ij by the action of the generators of GL 5 on ϕ 11 .
Step 4. If we put Ψ(Z) := (ψ(z) i,j ) 1≤i<j≤5 ∈ Alt 5 forZ ∈ Alt 10 with the entries below, then we have Lemma 3.2. 
Lemma 3.2. For every
Proof. It is enough to prove the equivariance (3.4) in the case when A is one of the fundamental matrices,
or permutation matrices. For the diagonal or permutation matrices, verifying (3.4) is easy. Note that, for a 2 , a 3 , a 4 , a 5 ), we have
d . For A u , we consider the action of A u . Since det A u = 1, and
u .
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Remark B. We can construct the above polynomials ψ ij (1 ≤ i < j ≤ 5) in the same program as in Remark A. This case is much more complicated than the case of ϕ ij s.
Here we note that we consider constructing the polynomial ψ 45 . First, we consider the polynomial corresponding to the weight (det A) 10 a
5 . This polynomial is constructed of 205-term monomials. After the action of the generators of GL 5 , we have uniquely the polynomial ψ 45 constructed of 148-term monomials. Hence from the explicit form of ψ 45 , we can construct the other polynomials ψ ij by the action of GL 5 .
Step 5. From (3.2) and (
is a relative invariant of degree 24 corresponding to the character (det A)
and hence
Thus they are not identically zero. 4 (det B). For
2 e 1 ∧ e 3 , 2z
4 e 1 ∧ e 5 , z
3 e 1 ∧ e 4 − z (5) 7 e 2 ∧ e 5 , z (6) 6 e 2 ∧ e 4 − z (6) 9 e 3 ∧ e 5 , z (7) 8 e 3 ∧ e 4 , z (8) 10 e 4 ∧ e 5 ), e 2 + e 8 ) ∈ V, we have
and hence F 1 (x) is not of the form G(x) 2 for some polynomial G(x). This shows the irreducibility of F 1 (x).
Theorem 3.3. The prehomogeneous vector space (GL
* ) has 2 basic relative invariants:
Explicit construction of the irreducible relative invariants of (GL
as follows: (cf. [7] , [8] ). Then we have
where χ is the vector representation of Spin 10 . Since the infinitesimal representation of χ (resp. Λ ) is given by (5.28) (resp. (5.38)) in [1] , we have
On the other hand, we put
and consider that Z = X 1 , · · · ,X 14 ∈ M (16, 14).
Let Z (i,j) be the 14×14-matrix obtained fromZ by substracting the i-th and the j-th rows andZ := (z ij ) ∈ Alt 16 with z ij := (−1) i+j det Z (i,j) . Then, by Lemma 2.3, we haveZ
Note that det Λ (A) = 1. Now we shall construct Φ(Z) ∈ Sym 10 such that
If we put Proof. We may prove the equivariance (3.10) for A s of one of the following three forms: 
